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GROUP ACTIONS ON DG-MANIFOLDS AND EXACT
COURANT ALGEBROIDS
BERNARDO URIBE
Abstract. Let G be a Lie group acting by diffeomorphisms on a manifold
M and consider the image of T [1]G and T [1]M , of G and M respectively, in
the category of differential graded manifolds. We show that the obstruction
to lift the action of T [1]G on T [1]M to an action on a R[n]-bundle over T [1]M
is measured by the G equivariant cohomology of M . We explicitly calculate
the differential graded Lie algebra of the symmetries of the R[n]-bundle over
T [1]M and we use this differential graded Lie algebra to understand which
actions are hamiltonian.
We show how split Exact Courant algebroids could be obtained as the derived
Leibniz algebra of the symmetries of R[2]-bundles over T [1]M , and we use
this construction to propose that the infinitesimal symmetries of a split Exact
Courant algebroid should be encoded in the differential graded Lie algebra of
symmetries of a R[2]-bundle over T [1]M . With this setup at hand, we propose
a definition for an action of a Lie group on an Exact Courant algebroid and
we propose conditions for the action to be hamiltonian.
1. Introduction
A differential graded manifold (dg-manifold) is a non-negatively graded super-
manifold endowed with a homological vector field; they are also known in the lit-
erature by the name of NQ-manifolds (cf. [30, 1]). The category of dg-manifolds
provides a framework on which one can study geometrical structures on manifolds,
and at the same time it incorporates the tools, methods and scope of rational
homotopy theory (cf. [33]).
For several geometrical structures, the use of the category of dg-manifolds to
study them, might be a matter of the researcher’s personal taste. But in the case
of Courant algebroids over manifolds, the use of the category of dg-manifolds to
study them has provided us with the appropriate framework to understand their
properties [25].
Of particular interest are the Exact Courant algebroids, bundles E over a man-
ifold M which sit in the middle of the exact sequence 0→ T ∗M → E → TM → 0
and that are provided with a nondegenerate inner product 〈, 〉 and a bracket [, ] sat-
isfying some coherence conditions generalizing the ones of a Lie algebroid (see [27]).
These structures were developed by Courant in order to study symplectic, Poisson
and foliation structures from the point of view of Dirac structures, i.e. maximal
Date: August 21 2012.
2010 Mathematics Subject Classification. 55R91, 55N91 (primary), 53D17, 53D18 (secondary).
Key words and phrases. dg-manifolds, group actions, Exact Courant algebroids, hamiltonian
symmetries, equivariant cohomology.
The author acknowledges and thanks the financial support of the Alexander Von Humboldt
Foundation.
1
2 BERNARDO URIBE
isotropic subbundles L ⊂ E which are involutive with respect to the bracket (see
[9]). Later on, the complex counterpart of a Dirac structure was carefully studied
by [7, 13, 15] and the Generalized Complex manifolds were born.
Several authors [5, 16, 21, 32] studied hamiltonian group actions on general-
ized complex manifolds and furthermore proved that the appropriate concept of
reduction holds for this type of geometrical structure. One of the key points of
the construction of the reduction procedure was to find the conditions on which
a group acts by hamiltonian symmetries on a generalized complex manifold. In
the papers cited above, the conditions were given for the action of a compact Lie
group, but the general framework in order to study more general type of actions
was not developed. We believe that the present paper provides the appropriate
framework to understand the actions of Lie groups (not necessarily compact) on
Exact Courant algebroids.
The key observation that triggered the study of the symmetries of R[n]-bundles
over T [1]M is the following: If E is an Exact Courant algebroid with a splitting
E ∼= T ∗M ⊕TM whose curvature form is the degree three closed form H , then the
differential graded Lie algebra of symmetries of E, is isomorphic to the differential
graded Lie algebra sym∗(P,Q) of symmetries of the homological vector field Q =
d+H∂t in the dg-manifold P = R[2]⊕ T [1]M .
The previous fact is not difficult to prove if one uses the approach developed
by Roytenberg in [25] to understand Courant algebroids. In his description, the
information that defines a Courant algebroid structure over the Euclidean vector
bundle E over M , is encoded in a cubic Hamiltonian Θ on the minimal symplec-
tic realization of E[1] that satisfies the master equation {Θ,Θ} with respect to
the Poisson bracket. The symmetries of such cubic Hamiltonian Θ becomes the
differential graded Lie algebra generated by the degree 0 and degree 1 functions,
together with the degree 2 functions whose bracket with Θ is zero, with differential
{Θ, } and bracket {, }. In the case of an Exact Courant algebroid with curvature
form H , the differential graded Lie algebra of symmetries of the associated cubic
Hamiltonian Θ is indeed isomorphic to the symmetries sym∗(P,Q) of Q = d+H∂t
in the dg-manifold P = R[2]⊕ T [1]M,. Therefore, to understand Lie group actions
on Exact Courant algebroids is equivalent to understand Lie group actions on R[2]
bundles over T [1]M in the category of dg-manifolds.
One key result of this paper is Definition 2.19 on which we encode the conditions
under which a Lie group G acts by symmetries on a R[n]-bundle over T [1]M . This
definition is based on the result of Theorem 2.18 where we show that the closed
differential forms of the model for equivariant cohomology defined by Getzler [12]
encode the appropriate conditions for the group G to act globally, together with the
conditions on its Lie algebra to act by infinitesimal symmetries on the R[n]-bundle
over T [1]M . To prove this theorem we first calculate the differential graded Lie
algebra sym∗(P,Q) of symmetries of P , a R[n]-bundle over T [1]M , with homology
vector field Q = d + H∂t, and then we show that L∞ maps from the Lie algebra
(g[1] → g) of T [1]G to sym∗(P,Q), are in 1-1 correspondence with cocycles in
Zn+1(g[1] → g,Ω•M) (Proposition 2.15). We prove then that the complex that
calculates the cohomology of (g[1] → g) with coefficients in Ω•M is precisely the
image under the Van Est type map of the complex that calculates the equivariant
cohomology defined by Getzler, and therefore we conclude that the cocycles of
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degree n+1 in this complex encode the appropriate conditions in order to define a
action of G on R[n]-bundles over T [1]M .
In section 3 we study the infinitesimal information of the action of T [1]G on a
R[n]-bundle, and we propose two approaches in order to study hamiltonian actions.
The first approach says that the action is hamiltonian whenever the infinitesimal
map (g[1] → g) → sym∗(P,Q) is a strict map of differential graded Lie algebras;
the second approach says that the action is hamiltonian whenever the induced map
from g to the derived Leibniz algebra of gsym∗(P,Q) is a map of Leibniz algebras.
We write the equations that each approach must satisfy and we show some examples
were they have been used. We remark that both approaches are equivalent when
n = 1, and if H is symplectic, they are equivalent to the existence of a moment
map.
In section 4 we explain how the infinitesimal symmetries of a split Exact Courant
algebroid can be understood as the symmetries of a specific R[2]-bundle over T [1]M .
With this setup at hand, we transport the results obtained in sections 2 and 3 with
respect to G actions and hamiltonian G actions on R[2]-bundles over T [1]M , to
the context of Exact Courant algebroids. We propose that the information that
encodes the action of a Lie group on an Exact Courant algebroid should be given
by a 3-cocycle in the model of Getzler of equivariant cohomology, and we say that
the action is hamiltonian whenever the 3-cocycle can be obtained only from the
infinitesimal information, and this information defines a closed and invariant form
in the Cartan model of equivariant cohomology. Finnaly we compare our definitions
with the ones that appear in the literature and we explain how are they related.
Acknowledgements. We would like to thank the hospitality of the Erwin
Schro¨dinger Institut in Vienna, Austria, where part of the research for this project
was carried out. The author acknowledges and thanks the financial support of the
Alexander Von Humboldt Foundation.
2. Infinitesimal symmetries of R[n]-bundles over T [1]M
In this section we will study the infinitesimal symmetries of R[n]-bundles over
T [1]M in the category of differential graded manifolds.We will argue that a G
equivariant R[n] bundle over the dg-manifold T [1]M is characterized by a degree
n+ 1 closed equivariant differential form on M .
We will start with a quick review of the category of dg-manifolds and then we
will calculate the differential graded Lie algebra of infinitesimal symmetries of R[n]
bundles over T [1]M . Then we will see how a Lie group G could act on a R[n]-bundle
and we will see its relation to closed equivariant differential forms.
2.1. dg-manifolds. Let us start with some notational conventions. Let M be a
differentiable (super)manifold and by OM let us denote its sheaf of smooth func-
tions. For P = {Pk}k∈Z a graded vector bundle over M , S(P ) will denote the the
sheaf of graded commutative OM -algebras freely generated by P ; the locally ringed
space (M,S(P ∗)) will also be denoted by P where P ∗ is the dual vector bundle.
For an integer k, P [k] denotes the shifted vector bundle with P [k]l := Pk+l. To
keep the notation simple, we will usually denote a vector bundle and its O-module
of sections with the same symbol.
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Definition 2.1. A (non-negatively) graded manifold is a locally ringed space P =
(M,OP ), which is locally isomorphic to (U,OU ⊗ S(P
∗)), where U ⊂ Rm|r is an
open domain of M and P = {Pi}−n≤i≤0 is a finite dimensional negatively graded
(super)vector space. The number n is called the degree of the graded manifold P .
The global sections of P will be called the functions on P and they will be
denoted by C(P ), and the derivations of C(P ) will be the vector fields of P and
they will be denoted Vect∗(P ).
Definition 2.2. A differential graded manifold (dg-manifold) is a graded manifold
P equipped with a degree 1 vector field Q of Vect1(P ) satisfying [Q,Q]/2 = Q2 = 0
(a homological vector field).
Morphisms of dg-manifolds are morphisms of locally ringed spaces respecting the
homology vector field. We recommend [37, 25] for an introduction to the theory of
differential graded manifolds.
IfM is a differentiable manifold, the odd tangent bundle T [1]M = (M,Ω•(M)) is
a graded manifold and the dg-structure is given by the De Rham differential Q = d.
The functor M 7→ (T [1]M,d) from manifolds to dg-manifolds is a full and faithful
functor.
A dg-manifold over a point of degree n is the same as an L∞-algebra of degree
n, also called Lie n-algebra. A dg-manifold of degree n is what is known as a “Lie
n algebroid”.
2.2. Symmetries of dg-manifolds. A homological vector field Q on the graded
manifold P is the same as a Maurer-Cartan element in the graded Lie algebra
Vect∗(P ). Any vector field α ∈ Vect0(P ) of degree 0 may define another Maurer-
Cartan element by taking the action on Q of the exponential of the adjoint action
of α
Q 7→ e(adα)Q := Q+ [α,Q] +
1
2
[α, [α,Q]] + · · ·
whenever we know that the series above converge. The infinitesimal version of this
action is given by the adjoint action of α on Q and therefore the action is trivial
whenever [α,Q] = 0.We say then that the infinitesimal symmetries of the Maurer-
Cartan element are given by vector fields α of degree 0 such that the adjoint action
of α on Q vanishes, i.e. [α,Q] = 0. Note that these infinitesimal symmetries of Q
become a Lie algebra with respect to the brackets of Vect0(P ), as we have that for
α1 and α2 commuting with Q, the equality [[α1, α2], Q] = 0 follows from the Jacobi
identity and the fact that Q is a homology vector field.
Furthermore note that for any vector field β of degree -1, the degree 0 vector field
[β,Q] commutes with Q (again because of the Jacobi identity) and therefore it gives
an infinitesimal symmetry of Q. This means that we have to see the symmetries
of the dg-manifold P as a differential graded Lie algebra, where the differential is
defined by the operator [Q, ] and the bracket is the one of vector fields.
Definition 2.3. Let P be a dg-manifold with homological vector field Q. The
(infinitesimal) symmetries of the dg-manifold P with homology vector field Q is
the differential graded algebra sym∗(P,Q) with
symq(P,Q) =


Vectq(P ) for q < 0
{α ∈ Vect0(P )|[α,Q] = 0} for q = 0
0 for q > 0
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whose differential is [Q, ] and the bracket is the bracket of vector fields.
Example 2.4. Let M be a differentiable manifold and let us consider the dg-
manifold T [1]M with homology vector field d the De Rham differential. By the
Fro¨licher-Nijenhuis theorem [11] the derivations of degree 0 of the algebra of dif-
ferential forms are generated by Lie derivatives with respect to vector fields, and
by contractions with respect to vector valued 1-forms. A vector valued 1-form
σ ∈ Ω1(M,TM) acts trivially on functions, and on exact 1-forms acts as follows:
(ισdf)(X) = df(σ(X)) = σ(X)f
where f is a function on M and X ∈ XM is a vector field on M . Therefore the
commutator [ισ, d] is zero if and only if the vector valued 1-form σ is trivial. Then
we see that the degree 0 symmetries of (T [1]M,d) are given by Lie derivatives with
respect to vector fields (they commute with d).
The degree -1 derivations of the algebra of differential forms are given by con-
tractions with respect to vector fields and there are no degree ∗ < 1 derivations.
Then the differential graded Lie algebra
sym−1(T [1]M,d)
[d, ]
−→ sym0(T [1]M,d)
ιX 7→ [d, ιX ] = LX
of symmetries of the dg-manifold (T [1]M,d) is isomorphic to the differential graded
Lie algebra
XM [1]
=
−→ XM
of vector fields of M in degree 0 and -1, with the identity map as differential and
with the brackets of vector fields: [LX ,LY ] = L[X,Y ] and [LX , ιY ] = ι[X,Y ].
Example 2.5. Let G be a Lie group with Lie algebra g. The Lie group G acts by
left translation on the symmetries of the dg-manifold (T [1]G, d) and therefore we
may consider the Lie algebra of (T [1]G, d) as the symmetries of (T [1]G, d) that are
invariant under left translation
Lie(T [1]G) :=
(
(XG)G[1]
=
−→ (XG)G
)
which becomes isomorphic to the differential graded Lie algebra
g[1]
=
−→ g
where the brackets are the ones induced from the bracket of the Lie algebra g.
2.2.1. R[n] bundles over T [1]M . Following [30] we can consider a bundle P with
fiber R[n] over T [1]M in the category of dg-manifolds. As a graded manifold P is
nothing else as T [1]M ⊕R[n] = (M,Ω•(M)⊗ S(R∗[−n])), but as a dg-manifold we
would need to choose a connection in P , namely a homological vector field Q on P
that projects to the De Rham differential on the base.
If we take t to be a variable of degree n and S[t] denotes the graded symmetric
polynomial algebra on t, then the functions on P are isomorphic to the algebra
C(P ) = Ω•(M)⊗ S[t].
A derivation of degree 1 lifting the De Rham differential is of the form
Q = d+H∂t
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where H is a n + 1-form on M , and is moreover a homological vector field if and
only if dH = 0. This implies that the choices of homological vector fields are the
same as closed n+ 1 forms, which also could be described as dg-manifold maps
T [1]M → R[n+ 1].
Mimicking the theory of principal bundles, a gauge transformation on the ho-
mological vector field Q is given by any map of graded manifolds
T [1]M → R[n],
namely an n-form B ∈ Ωn(M), that maps the homological vector field Q to
Q 7→ Q′ = d+ (H + dB)∂t.
We can conclude
Lemma 2.6. The isomorphism classes of R[n] bundles over T [1]M modulo gauge
transformations are in 1-1 correspondence with elements in the cohomology group
Hn+1(M ;R).
The gauge transformations amount for vertical automorphisms of the dg-manifold
P , but we also want to study symmetries of P that are horizontal. This we will do
by calculating the differential graded Lie algebra of symmetries of the homological
vector field Q.
2.3. Symmetries of R[n] bundles over T [1]M . Let us describe explicitly the
differential graded Lie algebra of symmetries in the case that P = T [1]M ⊕ R[n]
and Q = d+H∂t.
Any derivation of the algebra Ω•M ⊗S[t] is generated by its action on Ω•M and
on the variable t. Then, if we restrict a derivation of Ω•M ⊗ S[t] to the domain
Ω•M⊗1, and we project its image to Ω•M⊗1, we obtain a derivation of the algebra
of differential forms. Conversely, any derivation of the algebra of differential forms
induces a derivation of the algebra Ω•M ⊗S[t] by sending t 7→ 0. This implies that
we have a surjective map that splits
sym∗(P,Q)→ sym∗(T [1]M,d)
whose kernel is generated by the derivations of the algebra Ω•M ⊗ S[t] of the form
A∂t for A a differential form of degree less or equal to n.
If we denote the symmetries of degree 0 by
LX +B∂t for X ∈ XM,B ∈ Ω
nM,
the symmetries of degree -1 by
ιX + α∂t for X ∈ XM,α ∈ Ω
n−1M
and the rest of the symmetries by
η∂t for η ∈ Ω
n−pM,
we see that
sym0(P,Q) = {LX +B∂t |X ∈ XM,B ∈ Ω
nM and LXH − dB = 0}
sym−1(P,Q) ∼= XM ⊕ Ωn−1M
sym−q(P,Q) ∼= Ωn−qM (for q > 1).
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Simple calculations show us that the differential in sym∗(P,Q) becomes
[Q,LX +B∂t] = 0(2.1)
[Q, ιX + α∂t] = LX + (dα+ ιXH)∂t
[Q, η∂t] = (dη)∂t,
and the brackets become
[LX +B∂t,LY + C∂t] = L[X,Y ] + (LXC − LY B)∂t
[LX +B∂t, ιY + β∂t] = ι[X,Y ] + (LXβ − ιY B)∂t
[LX +B∂t, η∂t] = (LXη)∂t
[ιX + α∂t, ιY + β∂t] = (ιXβ + ιY α)∂t
[ιX + α∂t, η∂t] = (ιXη)∂t.
Note that when H = 0, the differential graded Lie algebra structure defined
above is the same one that was defined by Dorfman in [10].
As a complex we can see that sym∗(P,Q) is isomorphic to the complex
Ω0M −→ Ω1M −→ · · · −→Ωn−2M −→ XM ⊕ Ωn−1M −→ sym0(P,Q)
where the differentials are obtained from the operator [Q, ] and whose formulas
can be seen in (2.1).
Lemma 2.7. Consider the homological vector fields Q = d +H∂t and Q
′ = d on
P = T [1]M ⊕R[n]. Then sym∗(P,Q) and sym∗(P, d) are isomorphic as complexes.
Proof. Consider the map
F : sym∗(P,Q)→ sym∗(P, d)
to be the identity on the derivations of degree less or equal than 1, and
F (LX + B∂t) = LX + (B − ιXH)∂t
on derivations of degree 0. The map F commutes with the differentials as it can
be easily seen from the commutativity of the following diagrams:
ιX + α∂t
[Q, ]
//
F

LX + (dα+ ιXH)∂t
F

ιX + α∂t
[d, ]
// LX + (dα)∂t
and
LX +B∂t
[Q, ]
//
F

(dB − LXH)∂t
=

LX + (B − ιXH)∂t
[d, ]
// (dB − LXH)∂t.

The previous isomorphism of complexes implies that
Corollary 2.8. The cohomology of the complex sym∗(P,Q) is given by
H−p (sym∗(P,Q)) =
{
Hn−p(M) if −p < 0
XM ⊕Hn(M) if p = 0.
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Proof. The complex sym∗(P, d) is isomorphic to the complex
Ω0M
d
→ Ω1M
d
→ · · ·
d
→Ωn−2M
d
→ XM ⊕ Ωn−1M
id⊕d
−→ XM ⊕ ΩnclM.
The result follows. 
Remark 2.9. The map F : sym∗(P,Q) → sym∗(P, d) is not an isomorphism of
graded Lie algebras as a simple calculation shows that
[F (LX), F (LY )] = F (L[X,Y ]) + (dιY ιXH)∂t.
Nevertheless let us point out that the differential graded Lie algebra sym∗(P,Q)
can be made isomorphic to sym∗(P, d) if we change the bracket for elements in
sym0(P, d) by adding a term depending on H ; if we call this bracket [, ]H the
bracket would be
[LX +B∂t,LY + C∂t]H = [LX ,LY ] + (LXC − LY B + dιY ιXH)∂t.
We will postpone the study of some of the properties of the differential graded
Lie algebra sym∗(P,Q) to the next chapter and we will concentrate now on defining
the G equivariant R[n] bundles over T [1]M .
2.4. G equivariant R[n] bundles over T [1]M . Let us suppose thatM is provided
with the action of a Lie group G, and that we have a R[n] bundle P over T [1]M
with homology vector field Q = d+H∂t. We would like to see whether or not the
G action on M could be lifted to a symmetry on P .
If the group G acts on P by bundle symmetries, then we have that for all g ∈ G
the homological vector fields
d+H∂t and d+ g
∗H∂t
must be gauge equivalent; and they are so if there exists an n-form Bg such that
H − g∗H = dBg.
We then have an assignment g 7→ Bg for all elements in G, and we would like
this assignment to depend continuously on G. The compositions of the gauge
transformations for g and h may not be the one of gh, but they may differ by a
n− 1- form, i.e. for (g, h) ∈ G×G we have
Bh −Bgh + g
∗Bh = dAg,h
with Ag,h ∈ Ω
n−1M .
The Ag,h’s my also satisfy higher coherence properties for elements in G
3 and
this may continue until we exhaust all possibilities by going down in the degree in
Ω•M . All this information can be made precise using differentiable cohomology
[35, 36].
2.4.1. Differentiable cohomology. The differentiable cohomology of a group with
values on a module has been studied in detail by Van Est [35, 36] and generalized
to continuous groups by Segal in [28]. In this particular case, the differentiable
cohomology
H∗(G,Ω•M)
can be defined as the cohomology of the total complex
C∗(G,Ω•M)
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associated to the double complex Cp,q where Cp,q is the vector space of sections of
the bundle
pi∗ΛqT ∗M → Gp ×M
over Gp×M where pi : Gp ×M →M is the projection on the last coordinate. The
differential in the second parameter
d : Cp,q → Cp,q+1
is the De Rham differential and the differential
δ : Cp,q → Cp+1,q
is the alternating sum of the pullbacks of the face maps
Gp ×M → Gp+1 ×M
of the simplicial set that is obtained from the action groupoid G⋉M .
Definition 2.10. The differentiable cohomology of G with values in Ω•M is the
cohomology
H∗(G,Ω•M) := H∗ (C∗(G,Ω•M), δ ± d)
of the total complex of the double complex Cp,q.
Remark 2.11. With the differentiable cohomology at hand, and by the argument
of section 2.4 , we see that in order for the Lie group G to act on the dg-manifold
P = (T [1]M ⊕R[n], Q = d+H∂t) it is a necessary condition that the closed n+1-
form H may be lifted to a closed n + 1 cocycle in Zn+1(G,Ω•M) of the complex
C∗(G,Ω•M) that calculates the differentiable cohomology of G with values in the
differential forms of M .
Remark 2.12. Whenever one can choose n-forms Bg for g ∈ G such that
Bh −Bgh + g
∗Bh = 0
is satisfied, namely that the higher coherences are not necessary, then it is said that
G acts by strict symmetries. In this case we see that that the map
G→ Ωn(M)⋊Diff(M), g 7→ (Bg, g)
becomes a homomorphism where the product structure on the right hand side is
given by
(B, g) · (B′, g′) = (B + g∗B′, gg′).
Note furthermore that we can filter the double complex Cp,q by the degree of the
first coordinate C>p,q, and we get a spectral sequence converging to H∗(G,Ω•M)
whose second page is the differentiable cohomology of G with coefficients in the
cohomology of M
E2 ∼= H
p(G,Hq(M)).
When the Lie groupG is connected, we have that G acts trivially on the cohomology
of M , and therefore the second page becomes
E2 ∼= H
p(G,R)⊗Hq(M);
furthermore if the Lie group is compact we have that H∗(G,R) = R, and therefore
the spectral sequence collapses at level 2. This means that whenever G is connected
and compact, we have that
H∗(G,Ω•M) ∼= H∗(M).
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This could be rephrased by saying that any closed differential form is cohomologous
to an invariant one. Therefore if we have a homological vector field d+H∂t and if
the group G is compact and connected, there exists a gauge transformation B such
the form
H := H + dB
is G invariant; therefore one could use the homological vector field d + H∂t on
T [1]M ⊕R[n] so that all higher coherences for the action may be taken to be zero.
2.4.2. Van Est map. The infinitesimal version of the lift of the closed n + 1-form
H to the closed forms Zn+1(G,Ω•M) in Cn+1(G,Ω•M) can be obtained by the
use of the van Est map. By differentiating the differentiable forms van Est [35, 36]
defined a map
C∗(G,Ω•M)→ C∗(g,Ω•M)
from the complex that calculates the differentiable cohomology with values in theG-
module of differentiable forms onM , to the complex that calculates the Lie algebra
cohomology of the Lie algebra g of G with values in the g module of differentiable
forms. This second complex that calculates the Lie algebra cohomology is defined
in similar fashion to the differentiable cohomology through a double complex
Dp,q = HomR(Λ
pg,ΩqM)
where the differential in the second coordinate is the De Rham differential and the
differential in the first one is given by the Chevalley-Eilenberg differential in Lie
algebra cohomology defined in [8].
Alternatively the complex C∗(g,Ω•M) could be defined by taking the standard
differential graded algebra
C∗(g,Ω•M) := Λ∗g∗ ⊗ Ω•M
with differential δ = δ1 ⊗ 1 + 1 ⊗ δ2 + 1 ⊗ d that is generated by the dual of the
bracket of the Lie algebra
δ1 : g
∗ → g∗ ∧ g∗,
the map
δ2 : Ω
•M → g∗ ⊗ Ω•M
induced by the Lie algebra representation
g⊗ Ω•M → Ω•M,
and the De Rham differential 1⊗ d.
If θa denotes the dual of a ∈ g and Xa ∈ XM is the vector field defined by a ∈ g,
then the differentials become
δ1θ
a = −
1
2
fabcθ
bθc
where [b, c] = fabca and
δ2σ = θ
aLXaσ + dσ.
This infinitesimal lift in the cocycles Zn+1(g,Ω•M) can be also understood as an
L∞ map from the Lie algebra g to the differential graded Lie algebra of infinitesimal
symmetries of Q
g → sym∗(P,Q)
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such that the map lifts the canonical map g → XM, a 7→ Xa given by the infini-
tesimal action of the Lie group
sym∗(P,Q)

g
σ
::✉
✉
✉
✉
✉
// XM.
In this particular case the L∞ map is given by a graded map of degree -1
σ : Λg → sym∗(P,Q)(2.2)
which is defined by the maps
σ0 = H ∈ Ω
n+1M,
and σj : Λ
jg→ Ωn+1−jM for 0 < j ≤ n+ 1
satisfying the equations
0 = dH
a(σ0) = LXaH = dσ1(a)
a(σ1(b))− b(σ1(a))− σ1([a, b]) = −dσ2(a, b)
(δσj)(a0 ∧ · · · ∧ aj) = dσj+1(a0 ∧ · · · ∧ aj)
(δσn+1) = 0
where the differential δ is the Chevaley-Eilenberg differential.
If we take the canonical projection map
pi : Cn+1(g,Ω•M)→ Ωn+1(M), θa 7→ 0
we see that the action of the Lie algebra g on M could be lifted to an action on
(T [1]M ⊕R[n], Q) whenever the De Rham closed form H could be lifted to a n+1
cocycle in Zn+1(g,Ω•M) where (Cn+1(g,Ω•M), δ) is the complex that calculates
the cohomology of g with values in the differential forms Ω•M . We have then that
Proposition 2.13. The Lie algebra map g → XM could be lifted to a map of L∞
algebras g→ sym(P,Q) whenever the closed n+1-form H could be lifted to a closed
n+ 1-form in Zn+1(g,Ω•M).
This infinitesimal version of the the action g → sym∗(P,Q) only takes into
account the infinitesimal contributions of the elements in the complex C∗(G,Ω•M).
In order to make the action to depend also on the tangent space of G we need
to take into account the full space of differentiable forms on Gp ×M . This can
be achieved by considering the full differential graded Lie algebra of infinitesimal
symmetries of the Lie group T [1]G, namely the Lie algebra of T [1]G, together with
its action on P .
2.4.3. Lie algebra of T [1]G. If we want to lift the action of T [1]G on (T [1]M,d) to
an action on the bundle (T [1]M ⊕ R[n], Q) we need to lift the map
Lie(T [1]G)→ sym∗(T [1]M,d)
to an L∞ map σ˜ : Lie(T [1]G)→ sim
∗(P,Q) of differential graded Lie algebras
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sim∗(P,Q)

(g[1]→ g)
σ˜
66♠
♠
♠
♠
♠
♠
// (XM [1]→ XM) .
The map σ˜ can be described by a graded map
σ˜ : Λg⊗ Sg → Ω∗−n−1M
where
Λg⊗ Sg = S ((g[1]→ g)[1]) ,
satisfying certain cocycle conditions, and such that once restricted to Λ∗g it agrees
with the map σ defined in (2.2), i.e.
σ˜|Λg⊗1 = σ.
The map σ˜ : Lie(T [1]G) → sim∗(P,Q) is an L∞ map whenever σ˜ becomes a
cocycle in the complex that calculates the cohomology of (g[1]→ g) with coefficients
in the module Ω•M
Hn+1(g[1]→ g,Ω•M);
let us see how this cohomology is defined.
2.4.4. Cohomology of (g[1]→ g) with values in Ω•M . To the differential graded
Lie algebra g[1] → g could be associated the differential graded algebra whose
underlying algebra is
S((g[1]→ g)[1])∗ = Λg∗ ⊗ Sg∗
and whose differential is defined on generators as the dual of the structural maps
[, ] : g ∧ g → g
g[1]
=
→ g
[, ] : g[1]⊗ g → g[1].
If θa and Ωa are respectively the generators of Λg∗ and Sg∗ associated to a ∈ g,
the duals of the structural maps become
θa 7→ −
1
2
fabcθ
bθc
θa 7→ −Ωa
Ωa 7→ fabcΩ
bθc,
and therefore the differential δ1 on the complex Λg
∗⊗Sg∗ is defined on generators
by the equations
δ1θ
a = −Ωa −
1
2
fabcθ
bθc
δ1Ω
a = fabcΩ
bθc.
We can see that the differential graded algebra associated to (g[1]→ g) is pre-
cisely the Weil algebra (Λg∗ ⊗ Sg∗, δ1).
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The map of differential graded Lie algebras Lie(T [1]G)→ sym∗(T [1]M,d) define
derivations
g[1]⊗ Ω•M → Ω•−1M g⊗ Ω•M → Ω•M
a⊗ ω 7→ ιXaω a⊗ ω 7→ LXaω
whose adjoints induce a degree 1 map
δ2 : Ω
•M → Λg∗ ⊗ Sg∗ ⊗ Ω•M
ω 7→ θaLXa +Ω
aιXaωω.
It is a simple calculation to show that the graded algebra
Λg∗ ⊗ Sg∗ ⊗ Ω•M,
together with the derivation that the degree 1 map
δ := δ1 ⊗ 1 + 1⊗ δ2 + 1⊗ d
defines becomes a differential graded algebra.
Note that the differential δ just defined is precisely the BRST differential for the
BRST model for equivariant cohomology (see [18, 14]). Note furthermore that we
have chosen that θa maps to −Ωa; the negative sign that we choose does not change
the structure of the Weil algebra and it is the appropriate sign for the image of the
Van Est map of an equivariant cohomology that will be defined on section 2.4.5.
Definition 2.14. The cohomology ring of (g[1] → g) with values in Ω•M is the
cohomology of the graded algebra
C∗(g[1]→ g,Ω•M) := Λg∗ ⊗ Sg∗ ⊗ Ω•M
with respect to the differential δ := δ1 ⊗ 1 + 1⊗ δ2 + 1⊗ d, i.e.
H∗(g[1]→ g,Ω•M) := H∗(C∗(g[1]→ g,Ω•M), δ).
Taking again the canonical projection map of differential graded algebras
pi : C∗(g[1]→ g,Ω•M)→ Ω•(M); θa 7→ 0, Ωa 7→ 0,
we see that the action of the differential graded Lie algebra (g[1]→ g) on T [1]M
could be lifted to an action on (T [1]M ⊕ R[n], Q) whenever the De Rham closed
form H could be lifted to a closed n + 1 form on the complex that calculates the
cohomology of (g[1]→ g) with values in the differential forms Ω•M . Therefore we
have that
Proposition 2.15. The map of differential graded Lie algebras (g[1] → g) →
(XM [1] → XM) could be lifted to a map of L∞-algebras σ˜ : (g[1] → g) →
sym∗(P,Q) making the following diagram commutative
sim∗(P,Q)

(g[1]→ g)
σ˜
66♠
♠
♠
♠
♠
♠
// (XM [1]→ XM) ,
whenever the closed n+ 1-form H could be lifted to a closed n+ 1-form in
Zn+1(g[1]→ g,Ω•M).
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Coming back to the main question, we see by Remark 2.11, and Propositions
2.13 and 2.15 that in order to lift the G action on M to an action on the bundle
P = (T [1]M ⊕ R[n], Q = d + H∂t) we need to lift the closed form H to closed
forms in Zn+1(G,Ω•M), Zn+1(g,Ω•M) and Zn+1(g[1]→ g,Ω•M). These lifts are
related in the sense that they fit into the diagram of differential graded algebras
(2.3) C∗(g[1]→ g,Ω•M)
((❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘
C∗(g,Ω•M) // Ω∗M
C∗(G,Ω•M)
66❧❧❧❧❧❧❧❧❧❧❧❧❧
where the upper diagonal arrow is given at the level of differential graded algebras
by the forgetful map
Λg∗ ⊗ Sg∗ ⊗ Ω•M → Λg∗ ⊗ Ω•M, Ωa 7→ 0
and the lower diagonal arrow is given by the Van Est map.
But it would be conceptually clearer if we could find a differential graded algebra
(or just a complex) that would fit in the upper left corner of the diagram
(2.4) ? //

C∗(g[1]→ g,Ω•M)

C∗(G,Ω•M) // C∗(g,Ω•M)
in such a way that the vertical maps were forgetful functors (the component of Sg∗
is mapped to 1) and the horizontal maps were maps obtained by generalizations of
the Van Est map by differentiating the group cohomology to Lie algebra cohomology
Fortunately the differential graded algebra that fits in the upper left corner of
the diagram has been already defined by Getzler in [12] where it was denoted by
C∗(G,C[g]⊗ Ω•M);
Getzler has shown that the cohomology of this differential graded algebra is isomor-
phic to the cohomology with real coefficients of the homotopy quotient M ×G EG
and therefore it provides a differentiable model for the equivariant cohomology of
M .
With the model of equivariant differential forms defined by Getzler at hand, the
problem of finding the lift of the G action on M to P could be reduced to finding
a lift of the closed n+ 1 form to
Zn+1(G,C[g]⊗ Ω•M).
GROUP ACTIONS ON DG-MANIFOLDS AND EXACT COURANT ALGEBROIDS 15
Remark 2.16. If we take the cohomologies of all complexes in diagram (2.3) we
obtain the diagram
H∗(M)
((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗
∼=
++❳❳❳❳
❳❳❳
❳❳❳
❳❳❳
❳❳❳❳
❳❳❳
❳❳❳
❳❳❳
❳❳❳
H∗(g)⊗H∗(M) // H∗(M)
H∗(G,Ω•M)
66♠♠♠♠♠♠♠♠♠♠♠♠♠
since Kalkman [18] has shown that the complex (C∗(g[1]→ g,Ω•M), δ) is isomor-
phic to the Weil model (W (g)⊗Ω•M, δ1⊗1+1⊗d) of the equivariant cohomology,
and we know that H∗(W (g), δ1) = R.
In particular this implies that the forgetful map pi : C∗(g,Ω•M) → Ω•M has
a section which was defined by Mathai and Quillen in [23, Page 102] through the
operator
E :=
∏
a
(1− θaιa),
where a runs over a base of the Lie algebra g and the Einstein convention is not
used. The map
j : Ω•M → C∗(g,Ω•M)
ω 7→ Eω
is a homomorphism of complexes i.e. δ ◦ j = j ◦ d and is a right inverse of the
projection pi.
2.4.5. Getzler’s model of Equivariant cohomology. The model for equivariant differ-
ential forms of Getzler is very well suited to our purpose of relating the equivariant
cohomology to the symmetries of principal R[n] bundles over T [1]M . Let us first
recall the definition of these equivariant differential forms (see [12]), and then we
will explain the relation to the symmetries of R[n] bundles over T [1]M .
We note that the algebra Sg∗ plays the role of what Getzler denoted C[g], and
therefore in order to fit the notation that has been taken in the previous section we
will denote by C∗(G,Ω•M ⊗ Sg∗) the model for the equivariant differential forms
defined by Getzler.
The vector space Ck(G,Ω•M ⊗ Sg∗) consist of smooth maps
f(g1, . . . , gk|X) : G
k × g → Ω•M
which vanish if any of the arguments gi equals the identity of G. The operators d
and ι are defined by the formulas
(df)(g1, . . . , gk|X) = (−1)
kdf(g1, . . . , gk|X) and
(ιf)(g1, . . . , gk|X) = (−1)
kι(X)f(g1, . . . , gk|X),
as in the case of the differential in Cartan’s model for equivariant cohomology
[6, 14].
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The coboundary d¯ : Ck → Ck+1 is given by the formula
(d¯f)(g0, . . . , gk|X) = f(g1, . . . , gk|X) +
k∑
i=1
(−1)if(g0, . . . , gi−1gi, . . . , gk|X)
+(−1)k+1gkf(g0, . . . , gk−1|Ad(g
−1
k )X),
and the extra contraction ι¯ : Ck → Ck−1 is given by the formula
(ι¯f)(g1, . . . , gk−1|X) =
k−1∑
i=0
(−1)i
∂
∂t
f(g1, . . . , gi, e
tXi , gi+1 . . . , gk−1|X)
where Xi = Ad(gi+1 . . . gk−1)X .
If the image of the map
f : Gk → Ω•M ⊗ Sg∗
is a homogeneous polynomial of degree l, then the total degree of the map f equals
deg(f) = k + l. It follows that the structural maps d, ι, d¯ and ι¯ are degree 1 maps,
and the operator
dG = d+ ι+ d¯+ ι¯
becomes a degree 1 map that squares to zero.
Definition 2.17. The cohomology of the complex
(C∗(G,Ω•M ⊗ Sg∗), dG)
is denoted by
H∗(G,Ω•M ⊗ Sg∗)
and we will call it the model of Getzler for equivariant cohomology.
In [12] it was shown that the complex (C∗(G,Ω•M ⊗ Sg∗), dG) together with
the cup product
(a ∪ b)(g1, ..., gk+l|X) = (−1)
l(|a|−k)γa(g1, ..., gk|Ad(γ
−1)X)b(gk+1, ..., gk+l|X)
for γ = gk+1...gk+l, becomes a differential graded algebra, and moreover that there
is a canonical isomorphism of rings
H∗(G,Ω•M ⊗ Sg∗) ∼= H∗(M ×G EG,R)
with the cohomology of the homotopy quotient.
Let us now show that the differential graded algebra of equivariant differential
forms of Getzler is the differential graded algebra the fits in the upper left corner
of diagram (2.4).
Theorem 2.18. The equivariant differential forms of Getzler makes the following
diagram of differential graded algebras commutative
(2.5) C∗(G,Ω•M ⊗ Sg∗) //

C∗(g[1]→ g,Ω•M)

C∗(G,Ω•M) // C∗(g,Ω•M)
where the vertical arrows are forgetful maps (Ωa 7→ 0) and the horizontal maps
are given by Van Est type maps (differentiating group cohomology to Lie algebra
cohomology).
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Proof. The Van Est type of map is defined on homogeneous elements
R : Ck(G,Ω•M ⊗ Sg∗) → HomR(Λ
kg,Ω•M ⊗ Sg∗)
by the formula
(Rf)(a1 ∧ ... ∧ ak) = (−1)
kl
∑
σ
(−1)|σ|∂tk |tk=0...∂t1 |t1=0f(e
−taσ(1) , ..., e−taσ(k))
when k > 0 and where k + l is the total degree of the homogeneous map f (see [2,
Def. 3.3]). The map R is the identity when k = 0.
Taking the adjoint map on the right hand side we have the map
R : Ck(G,Ω•M ⊗ Sg∗) → Λkg∗ ⊗ Ω•M ⊗ Sg∗
f 7→ θa1 ...θak(Rf)(a1 ∧ ... ∧ ak)
where the elements a1, ..., ak run over a base of the Lie algebra g.
It follows from the definition of the map R that the map
R : C∗(G,Ω•M ⊗ Sg∗)→ Λ∗g∗ ⊗ Ω•M ⊗ Sg∗
is surjective, and moreover by Proposition 3.6 in [2] we have that the mapR becomes
a map of algebras.
Now let us calculate the differential R(dG) induced by R and let us compare it
with the differential δ of definition 2.14. Again, by Proposition 3.6 in [2] we know
that R defines a map of differential graded algebras from C∗(G,Ω•M ⊗ Sg∗) to
the induced differential graded algebra structure on Λ∗g∗ ⊗ Ω•M ⊗ Sg∗; therefore
it is enough to find the induced differential of R on the generators of the algebra
Λ∗g∗ ⊗ Ω•M ⊗ Sg∗ in order to compare it with the differential δ.
First of all note that the differential d+ ι in
C0(G,Ω•M ⊗ Sg∗) = Ω•M ⊗ Sg∗
is the operator ω 7→ ΩaιXaω + dω. Therefore we have that
R(d+ ι)ω = ΩaιXaω + dω.
For the map ι it is enough to take a map f : G→ Ω•M ⊗ Sg∗ of total degree 1
(namely k = 1 and l = 0) and to calculate the induced map R(ι) : R(f) → R(ιf).
We have then that
R(f) = θaRf(a) = θa∂t|t=0f(e
−ta)
where a runs over a base of g, and
R(ιf)(X) = ιf(X) = ∂tf(e
tX |X)
once we evaluate in X ∈ g[2]. It follows then that
R(ι)R(f) = R(ι)
(
θa∂t|t=0f(e
ta)
)
= −Ωa∂t|t=0f(e
ta)
and hence the differential induced by R(ι) is the one that promotes the connection
forms θa to the curvature forms −Ωa, i.e. the dual of the identity map g[1]
=
→ g
but with negative sign; we have
R(ι)θa = −Ωa.
The last map we need to study is the map d. This map restricted to the functions
Gk → R is the differential in the complex whose cohomology ring is H∗(G,R) and
it was proved by Van Est [35] that the image of the Van Est map is precisely the
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complex whose cohomology is H∗(g,R). This implies that the induced differential
R(d) act on the connection forms by the standard map
R(d)θa = −
1
2
fabcθ
bθc.
In order to see which other maps induce R(d) it is enough to take a map h ∈
C0(G,Ω•M ⊗ Sg∗) and to calculate the induced map R(d) : R(h) → R(dh). We
can think of h as an element in Ω•M ⊗ Sg∗ and therefore R(h) = h. We have that
dh(g|X) = h(X)− g∗h(Ad(g−1)X)
and differentiating we get
R(dh)(a|X) = −∂t|t=0
(
e−ta
)∗
h(Ad(eta)X)
= LXah(X) + h([X, a]).
Therefore if h is only a differential form of M , we have that
R(d)h = θaLXah
and if h = Ωa we have that
R(d)Ωa(c|b) = Ωa([b, c]) = fabc
and hence we see that
R(d)Ωa = fabcΩ
bθc.
We can see now that the induced differential R(dG) on generators become
R(dG)θ
a =
(
R(d) +R(ι)
)
θa = −
1
2
fabcθ
bθc − Ωa
R(dG)Ω
a = R(d)Ωa = fabcΩ
bθc
R(dG)ω = R(d)ω + R(ι)ω +R(d)ω = θ
aLXaω +Ω
aιXaω + dω
which is precisely the differential δ. Therefore we have that Van-Est type map
R : C∗(G,Ω•M ⊗ Sg∗)→ C∗(g[1]→ g,Ω•M)
is a map of differential graded algebras.
The lower horizontal map of diagram (2.5) is defined as the restriction of the
map R when one takes Ωa 7→ 0 and the vertical maps are the natural forgetful
maps. We can conclude that the equivariant differential forms defined by Getzler
make the diagram of differential graded algebras (2.5) commute. This finishes the
proof of the theorem. 
With Theorem 2.18 at hand, we can now say when a Lie group act by symmetries
on the dg-manifold P = (T [1]M ⊕ R[n], Q = d+H∂t).
Definition 2.19. The group T [1]G acts by symmetries on P = (T [1]M⊕R[n], Q =
d + H∂t) whenever the n + 1-form H can be lifted to a closed n + 1-equivariant
differential form in
Zn+1(G,Ω•M ⊗ Sg∗).
The explicit choice of closed n + 1-equivariant differential form is the information
that defines the T [1]G action.
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With the Definition 2.19 at hand, we see that the only obstruction for finding a
lift of the closed n + 1-form H is precisely the obstruction for finding a lift of the
cohomology class [H ] on the cohomology group
Hn+1(G,Ω•M ⊗ Sg∗).
Since Getzler has proved that this cohomology group is isomorphic to
Hn+1(M ×G EG;R),
we can use our tools in algebraic topology to check the existence of a lift.
Example 2.20. Consider the three dimensional round sphere M = S3 ⊂ R4 with
H its volume form, together with a free action of G = S1 having for quotient CP 1.
In this case we have that H∗(S3×S1 ES
1) = H∗(CP 1) since the action is free, and
therefore we have that there is no lift for the class [H ] in H3(S3 ×S1 ES
1) since
this last group is trivial. We conclude that in view of Definition 2.19 the group S1
cannot act by symmetries on the dg-manifold (T [1]S3 ⊕ R[2], Q = d+H∂t) lifting
the action of S1 on S3.
Now, let us consider the action of the group G = R on the same sphere S3
induced by the homomorphism of groups exp(2pii ) : R→ S1. In this case a model
for ER could be taken as R, and therefore S3×R ER is homotopy equivalent to S
3
and we have that the induced map H∗(S3 ×R ER) → H
∗(S3) is an isomorphism.
Then we have that the class [H ] can be lifted to a R-equivariant class on S3 and
therefore the form H can be lifted to a closed equivariant form in the model of
Getzler, namely in Z3(R,Ω•S3 ⊗ S(t∗)).
Now that we have characterized the group actions on R[n]-bundles over T [1]M ,
let us explore which actions are hamiltonian. The next section is devoted to this.
3. Hamiltonian symmetries of R[n] bundles over T [1]M
We have seen that the infinitesimal symmetries of the dg-manifold P = (T [1]M⊕
R[n], Q = d +H∂t) are encoded in the differential graded Lie algebra sym
∗(P,Q).
It was noticed by Dorfman [10], that in the case of H = 0 and n = 2, the antisym-
metrization of the derived bracket of sym∗(P,Q) recovered the Courant bracket of
the Exact Courant algebroids [9]. The same procedure of deriving the brackets can
be performed on sym∗(P,Q) leading to a very interesting Leibniz algebra, that in
the case of n = 2, it recovers the twisted Courant-Dorfman bracket of the Exact
Courant algebroids [31].
In order to understand the hamiltonian actions on R[n]-bundles over T [1]M we
need to introduce the derived algebra associated to a differential graded Lie algebra.
3.1. The derived algebra of sym∗(P,Q). The construction of the derived bracket
and the derived algebraic structure that can be defined from a differential graded Lie
algebra has been extensively studied by several authors, among them [19, 38, 39].
In our explicit case we have
Definition 3.1. The derived algebra Dsym∗(P,Q) of sym∗(P,Q) is the complex
Dsym∗(P,Q) := sym∗<0(P,Q)[1]
together with the differential δ := [Q, ] and the derived bracket
⌊a, b⌋ := (−1)‖a‖[[Q, a], b].
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It is a simple calculation to show that Dsym∗(P,Q) becomes a dg-Leibniz algebra;
namely that δ and ⌊, ⌋ satisfy the properties
δ⌊a, b⌋ = ⌊δa, b⌋+ (−1)‖a‖⌊a, δb⌋
⌊a, ⌊b, c⌋⌋ = ⌊⌊a, b⌋, c⌋+ (−1)‖a‖‖b‖⌊b, ⌊a, c⌋⌋
where ‖a‖ denotes the degree of a in Dsym∗(P,Q), and therefore ‖a‖ = |a| + 1
where |a| is the degree of a in sym∗(P,Q).
The derived algebra is then
Dsymk(P,Q) ∼=
{
XM ⊕ Ωn−1M if k = 0
Ωn−1−kM if k < 0
where the differential [Q, ] becomes the De Rham differential
Ω0M
d
−→ · · ·
d
−→ Ωn−2M
d
−→ XM ⊕ Ωn−1M,
and the brackets are given by the formulas
⌊ιX + α∂t, ιY + β∂t⌋ = ι[X,Y ] + (LXβ − ιY dα− ιY ιXH) ∂t
⌊ιX + α∂t, η∂t⌋ = LXη∂t
⌊µ∂t, η∂t⌋ = 0.
Note that there is a canonical graded action
sym∗(P,Q)×Dsym∗(P,Q)→ Dsym∗(P,Q)
a · b 7→ [a, b]
whose properties follow from the fact that [Q, ] and [, ] form a differential graded Lie
algebra. In particular note that since the elements a ∈ sym0(P,Q) satisfy [Q, a] = 0,
then sym0(P,Q) acts by derivations on the Leibniz algebra (Dsym0(P,Q), ⌊, ⌋).
Remark 3.2. In the case of n = 2 and H a closed three form, the derived algebra
Dsym∗(P,Q) becomes the complex
Ω0M
d
−→ XM ⊕ Ω1M
where the bracket ⌊, ⌋ is precisely the H-twisted Courant-Dorfman bracket of the
Exact Courant algebroid TM ⊕ T ∗M (cf. [5, 25]).
3.2. Hamiltonian symmetries of Q = d + H∂t. Let us recall that the degree
zero symmetries of Q in sym∗(P,Q) consist of vector fields and n-forms LX +B∂t
that commute with Q, and this happens whenever LXH − dB = 0. This implies
that if H is not invariant in the direction of the vector field X , the error of not
being invariant is parameterized by the forms such that dB = LXH .
Let us now consider the sub-differential graded Lie algebra gsym∗(P,Q) of sym∗(P,Q)
which in degree zero consists only of the vector fields of M that leave H fixed, i.e.
gsym0(P,Q) = {LX +B∂t ∈ gsym
0(P,Q)|LXH = 0 = B},
that in degree −1 the anticommutator with Q has no component with ∂t, i.e.
gsym−1(P,Q) = {ιX + α∂t ∈ sym
−1(P,Q)|dα + ιXH = 0},
and that gsymk(P,Q) = symk(P,Q) for k < −1.
It is a simple calculation to show that indeed gsym∗(P,Q) is a differential graded
Lie algebra; and we should think of it as the infinitesimal symmetries of P obtained
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from the geometrical symmetries of M (vector fields of M which leave H fixed)
together with their higher coherences.
Note that in the case that n = 1 and H is a symplectic form, the elements in
gsym−1(P,Q) are precisely pairs ιX + f∂t of vector fields in M and functions onM
such that
df + ιXH = 0.
This equation implies that X is the hamiltonian vector field that the function f
defines with respect to the symplectic form.
Moreover, if we consider the derived bracket on gsym−1(P,Q) we have that
⌊ιX + f∂t, ιY + g∂t⌋ = [LX , ιY + g∂t] = ι[X,Y ] + (LXg)∂t,
which in particular implies that the derived bracket recovers the Poisson bracket
on functions because
⌊ιX + f∂t, ιY + g∂t⌋ = ι[X,Y ] + {f, g}
where {f, g} is the Poisson bracket with respect to the symplectic form H .
If we take the projection map
gsym−1(P,Q)→ C∞M ιX + f∂t 7→ f
we see, due to the nondegeneracy of the symplectic form, that we have an isomor-
phism of Lie algebras from the derived algebra gsym−1(P,Q) to the Lie algebra
(C∞M, {, }).
Having the previous example in mind, one can generalize the algebra of hamil-
tonian symmetries of formsH of higher degree, by simply taking the derived algebra
of the differential graded Lie algebra gsym∗(P,Q);
Definition 3.3. Let H be a closed n + 1 form on a manifold M . Denote by
Ham∗(H) the Hamiltonian algebra of symmetries of the form H and let this algebra
be the derived algebra of the differential graded Lie algebra gsym∗(P,Q) whenever
Q = d+H∂t is a homology vector field over P = T [1]M ⊕ R[n]; that is
Ham∗(H) := Dgsym∗(P,Q).
We have then that Ham∗(H) is a dg-Leibniz algebra that as a complex is
Ω0M
d
−→ · · ·
d
−→ Ωn−2M
d
−→ Ham0(H)
with Ham0(H) = {ιX + α∂t ∈ sym
−1(P,Q)|dα + ιXH = 0}, and whose brackets
become
⌊ιX + α∂t, ιY + β∂t⌋ = ι[X,Y ] + (LXβ)∂t
⌊ιX + α∂t, η∂t⌋ = (LXη)∂t
⌊η∂t, ιX + α∂t⌋ = −(ιXdη)∂t
⌊η∂t, µ∂t⌋ = 0.
The dg-Leibniz algebra Ham∗(H) is by construction a sub-dg Leibniz algebra
of Dsym∗(P,Q), and therefore in the case that H is a three form we have that
Ham∗(H) can be seen as a sub-dg Leibniz algebra of the Courant-Dorfman algebra
of the Exact Courant algebroid twisted by H .
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3.2.1. n-plectic structures. In the case that the closed n+1-formH is non-degenerate
in the sense that
∀v ∈ TxM, ιvH = 0⇒ v = 0,
the form H has been called n-plectic [3, 4]. In the n-plectic case, the degree zero
part of the dg-Leibniz algebra of hamiltonian symmetries is isomorphic to the n−1
forms on M
Ham0(H)
∼=
−→ Ωn−1M (ιX + α∂t) 7→ α,
as we know that in this case the equation ιXH + dα = 0 determines X uniquely;
let us then denote by Xα the vector field on M such that
dα+ ιXαH = 0.
The complex Ham∗(H) is then isomorphic to
Ω0M
d
−→ · · ·
d
−→ Ωn−2M
d
−→ Ωn−1M
whose bracket becomes
⌊α, β⌋ = LXαβ ⌊α, η⌋ = LXαη
⌊η, α⌋ = (−1)n−|η|ιXαdη ⌊η, µ⌋ = 0.
with α, β forms of degree n− 1 and η, µ forms of degree less than n− 1.
Remark 3.4. When H is a symplectic form Ham∗(H) is isomorphic to the Poisson
algebra (C∞M, {, }).
Remark 3.5. When H is a non degenerate closed form, the brackets on Ham∗(H)
has been already defined by [3, Def. 3.3] where it has been called the hemi-bracket
in the sense of Roytenberg [26], and it has been further studied by Rogers [24,
Section 6].
We note that the bracket that we have defined in Ham∗(H) differs from the one
defined in [3, 24] in the case that α is an n − 1 form and η is a form of degree
k < n − 1; in our work the bracket ⌊η, α⌋ = (−1)n−|η|ιXαdη and in the works of
[3, 24] the bracket is zero.
Remark 3.6. In [24, Theorem 5.2] it has been shown that there is an alternative
definition for the brackets in Ham∗(H). If we use the notation of [24] and we denote
the complex L∞(M,H) := Ham
∗(H), the brackets that make it into an L∞ algebra
are
⌈α1, ..., αk⌉ := ±ι(Xα1∧...∧Xαk )H
when all the α’s are forms of degree n− 1, and zero otherwise.
We believe that the L∞ algebra L∞(M,H) must be isomorphic to the dg-Leibniz
algebra Ham∗(H) in the category of strongly homotopic Leibniz algebras. We point
out that as Ham∗(H) was defined via a derived bracket from a differential graded
Lie algebra, it comes provided with higher brackets defined by the formula
⌊a1, ..., ak⌋ := [...[[Q, a1], a2]..., ak].
It was shown by Uchino [34] that these higher derived brackets satisfy the higher
coherence of a strongly homotopic Leibniz algebra. Therefore both L∞(M,H)
and Ham∗(H) are strongly homotopic Leibniz algebras, and as such they must be
isomorphic.
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We finally point out that in [3, Theorem 4.6] it was shown that, when H is a non-
degenerate closed three form, the algebras L∞(M,H) and Ham
∗(H) are isomorphic
as Lie 2-algebras in the sense of Roytenberg [26].
3.2.2. Hamiltonian group actions. Following the discussion above, we have two dif-
ferent approaches for determining when the action of a groupG into the dg-manifold
P = (T [1]M ⊕ R[n], Q = d +H∂t) is given by hamiltonian symmetries; we either
work with the differential graded Lie algebra gsym∗(P,Q) or with the (sh)-Leibniz
algebra Ham∗(H).
Approach 1. We say that the group G acts with hamiltonian symmetries on the
dg-manifold P = (T [1]M ⊕ R[n], Q = d + H∂t) whenever the infinitesimal action
induces a strict map of differential graded Lie algebras
(g[1]→ g) −→ gsym∗(P,Q).
A strict map of differential graded Lie algebras
Φ∗ : (g[1]→ g) −→ gsym∗(P,Q)
consists of maps
Φ0 : g →gsym0(P,Q) Φ−1 : g[1]→gsym−1(P,Q)
a 7→LXa a 7→ιXa + αa∂t
satisfying the equations
[Φ−1(a),Φ−1(b)] = Φ−2([a, b])
Φ0(a) = [Q,Φ−1(a)]
[Φ0(a),Φ−1(b)] = Φ−1([a, b]),
which are equivalent to the equations
ιXaαb + ιXbαa =0(3.1)
dαa + ιXaH =0
LXaαb =α[a,b].
These strict maps of differential graded Lie algebras can be alternatively under-
stood as some closed and invariant elements in the Cartan model of equivariant
cohomology, let us see how:
Lemma 3.7. The strict maps of differential graded Lie algebras (g[1] → g) →
gsym∗(P,Q) are in 1-1 correspondence with invariant and equivariantly closed ele-
ments of degree n+ 1 of the form
H + ξaΩ
a
in the Cartan model for equivariant cohomology Ω•M ⊗ Sg∗.
Proof. Recall first that the equivariant differential in the Cartan model for equi-
variant cohomology is the operator d+ ΩaιXa(see [14]).
Therefore the form H + ξaΩ
a is equivariantly closed if
(d+ΩaιXa)(H + ξbΩ
b) = dH + (dξa + ιXaH)Ω
a + (ιXaξb + ιXbξa)Ω
aΩb = 0;
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furthermore, the form H + ξaΩ
a is invariant if LXbH = 0 and
LXb (ξaΩ
a) = LXbξaΩ
a + ξaLbΩ
a
= LXbξaΩ
a − ξaf
a
bcΩ
c
= LXbξaΩ
a − ξ[b,c]Ω
c
= (LXbξa − ξ[b,a])Ω
a = 0.
We can see that the form H + ξaΩ
a is invariant and equivariantly closed if and
only if the forms H and αa = ξa satisfy the equations described in (3.1).

Note that in the case that n ≤ 2, all the equivariant forms of degree n+1 are of
the form H+ ξaΩ
a, and therefore the strict maps of differential graded Lie algebras
(g[1] → g) → gsym∗(P,Q) are in 1-1 correspondence with degree n + 1 invariant
and equivariantly closed forms in the Cartan model for equivariant cohomology.
Approach 2. We say that the group G acts with hamiltonian symmetries on the
dg-manifold P = (T [1]M ⊕ R[n], Q = d + H∂t) whenever the infinitesimal action
given by the (non-necessarily strict) map of differential graded Lie algebras
(g[1]→ g) −→ sym∗(P,Q)
induces a map of Leibniz algebras
g −→ Ham∗(H)
at the level of the derived algebras associated to g[1]→ g and gsym∗(P,Q) respec-
tively.
A map of Leibniz algebras Ψ : g → Ham∗(H) is given by a degree zero map
Ψ : g → Ham0(H)
a 7→ ιXa + αa∂t
with dαa + ιXaH = 0, and such that
Ψ(⌊a, b⌋) = ⌊Ψ(a),Ψ(b)⌋.
The derived bracket on g induced from the structure on g[1] → g is clearly the
Lie bracket. Therefore the fact that Ψ preserves the bracket is equivalent to the
equations
ιX[a,b] + α[a,b]∂t = ⌊ιXa + αa∂t, ιXb + αb∂b⌋ = ι[Xa,Xb] + LXaαb∂t
which imply that LXaαb = α[a,b] for all a, b ∈ g.
The maps of Leibniz algebras Ψ : g → Ham∗(H) can also be characterized by
invariant forms in the Cartan model of equivariant cohomology as follows:
Lemma 3.8. The maps of Leibniz algebras g → Ham∗(H) are in 1-1 correspon-
dence with degree n+ 1 invariant forms of the type
H + ξaΩ
a
in the Cartan model of equivariant cohomology, such that
(d+ΩbιXb )(H + ξaΩ
a) =
1
2
ca,bΩ
aΩb
with ca,b constant functions.
GROUP ACTIONS ON DG-MANIFOLDS AND EXACT COURANT ALGEBROIDS 25
Proof. We have seen that a map of Leibniz algebras Ψ : g → Ham∗(H), a 7→
ιXa + αa∂t determines the equations dαa + ιXaH = 0 and LXaαb = α[a,b]. From
the proof of Lemma 3.7 we know that the equations LXaH = 0 and LXaαb = α[a,b]
are equivalent to the statement that the n+ 1 form H + αaΩ
a is invariant.
Now, applying the operator ιXb to both sides of the equation dαa + ιXaH = 0
we get that ιXbdαa = −ιXa ιXbH ; hence we have that
(3.2) ιXbdαa + ιXadαb = 0.
Moreover we have that
LXaαb = α[a,b] = −LXbαa
and therefore LXaαb + LXbαa = 0, which together with the equation (3.2) implies
that
d(ιXaαb + ιXbαa) = 0
and therefore the functions
ca,b := ιXaαb + ιXbαa
are constant.
We have then that the information encoded in a map of Leibniz algebras Ψ is the
same as the information encoded in the invariance of the the n+1 form H +αaΩ
a
together with the equation
(d+ΩbιXb )(H + ξaΩ
a) =
1
2
ca,bΩ
aΩb
with ca,b constant functions. 
Following lemmas 3.7 and 3.8 we see that any strict map of differential graded
Lie algebras (g[1] → g) −→ gsim∗(P,Q) induces a map of Leibinz algebras g →
Ham∗(H), but the converse is only true whenever the constant functions ca,b are
all zero. At this point it is unclear which of the two approaches presented before
for hamiltonian actions is the more appropriate one.
Remark 3.9. When n = 1, namely when H is a closed 2-form, both approaches
to Hamiltonian groups actions described above are clearly equivalent.
When n = 2, namely when H is a closed 3-form, the second approach to Hamilton-
ian actions described above is the one that has been used in [5, Thm. 2.13] when
considering trivially extended G-actions on Exact Courant algebroids .
4. Group actions on Exact Courant algebroids.
In this final chapter we will make use of the results of the previous two chapters in
order to propose a definition for Lie group actions on Exact Courant algebroids. We
will base our proposal in the relation that exists between Exact Courant algebroids
and the derived dg-Leibniz algebras of the symmetries of R[2]-bundles over T [1]M .
4.1. Exact Courant algebroids. Following [20], we have the following definition
of a Courant algebroid:
Definition 4.1. Let E →M be a vector bundle. A Loday bracket ∗ on Γ(E) is an
R-bilinear map satisfying the Jacobi identity, i.e. for all X,Y,Z ∈ Γ(E),
X ∗ (Y ∗ Z) = (X ∗Y) ∗ Z+Y ∗ (X ∗ Z).
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E is a Courant algebroid if it has a Loday bracket ∗ and a non-degenerate symmetric
pairing 〈, 〉 on E, with an anchor map a : E → TM which is a vector bundle
homomorphism so that
a(X)〈Y,Z〉 = 〈X,Y ∗ Z+ Z ∗Y〉
a(X)〈Y,Z〉 = 〈X ∗Y,Z〉+ 〈Y,X ∗ Z〉.
The bracket in the definition is not skew-symmetric in general and the skew-
symmetrization [X,Y] = X ∗Y−Y ∗X is usually called the Courant bracket of the
Courant algebroid (cf. [22, 13]). We rephrase the definition of an Exact Courant
algebroid ([13, 15, 5]):
Definition 4.2. An Exact Courant algebroid E is a Courant algebroid which fits
in the exact sequence:
0→ T ∗M
a∗
−→ E
a
−→ TM → 0,
where a∗ is the dual map of a under the identification of E with its dual given by
〈, 〉. The Exact Courant algebroid E is split if the extension is split by some section
s : TM → E of a with isotropic image.
The standard example of an Exact Courant algebroid is given by the bundle
E = TM ⊕ T ∗M together with bracket an bilinear map
{X ⊕ η, Y ⊕ ξ}H = [X,Y ]⊕ (LXξ − ιY η − ιY ιXH)
〈X ⊕ η, Y ⊕ ξ〉 = ιXξ + ιY η
whereH is a closed 3-form onM . But it turns out that all Exact Courant algebroids
are of this type. If we have an isotropic splitting s : TM → E of an Exact Courant
algebroid then the map
(TM ⊕ T ∗M, {, }H → (E, ∗)
X ⊕ η 7→ s(X) + a∗η
produces an isomorphism of Leibniz algebras where we have 〈s(X) ∗ s(Y ), s(Z)〉 =
ιXιY ιZH . Any other splitting s
′ : TM → E is related to s via a B-field trans-
formation, that is s′(X) = s(X) + a∗(ιXB) for B a 2-form in M , and the 3-form
associated to this splitting is simply H − dB.
We have then the classification of Exact Courant algebroids done by Sˇevera [29]
which says that Exact Courant algebroids with a choice of splitting are classified by
closed 3-forms, and isomorphism classes of Exact Courant algebroids are classified
by the third De Rham cohomology group.
4.2. Symmetries of Exact Courant algebroids. Since an Exact Courant alge-
broid with a choice of splitting is isomorphic to the the Exact Courant algebroid
(TM ⊕ T ∗M, {, }H , 〈, 〉), and the algebraic structure of this Courant algebroid is
equivalent to the algebraic structure of the derived dg-Leibniz algebra Dsym∗(P,Q)
of Remark 3.2 whenever P = T [1]M ⊕ R[2] and Q = d +H∂t, then we could un-
derstand the symmetries of the Exact Courant algebroid by understanding the
symmetries of Dsym∗(T [1]M ⊕ R[2], d+H∂t).
In section 3.1 we pointed out that the differential graded Lie algebra sym∗(T [1]M⊕
R[2], d+H∂t) acts on Dsym
∗(T [1]M ⊕R[2], d+H∂t) via the bracket, and that the
degree 0 elements act as derivations of the Leibniz bracket. Since the algebraic
structure of an Exact Courant algebroid can be obtained from a differential graded
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Lie algebra, we believe that is symmetries should also be a differential graded Lie
algebra.
Now, if take a look at the degree 0 symmetries in sym0(T [1]M ⊕ R[2], d+H∂t)
we see that it is precisely the Lie algebra of elements X ⊕B ∈ X⊕Ω2M such that
dB − LXH = 0, with bracket [X ⊕ B,X
′ ⊕ B′] = [X,X ′] ⊕ LXB
′ − LX′B, and
whose action on TM ⊕ T ∗M is given by
(X ⊕B) · (Y ⊕ ξ) = [X,Y ]⊕ LXξ − ιY B.
This is the algebra of derivations of the Exact Courant algebroid as it appears in
Proposition 2.4 of [5] and we see that the degree 0 symmetries of sym∗(T [1]M ⊕
R[2], d+H∂t) recover the infinitesimal symmetries of the Exact Courant algebroids
that appear in the literature. We claim that we should also take into account the
symmetries of higher degree since we are working with differential graded objects.
Claim 4.3. The infinitesimal symmetries of the Exact Courant algebroid
(TM ⊕ T ∗M, {, }H , 〈, 〉)
are encoded by the differential graded Lie algebra
sym∗(T [1]M ⊕ R[2], d+H∂t).
In this setup we treat the Exact Courant algebroid as the dg-Leibniz algebroid
Dsym∗(T [1]M⊕R[2], d+H∂t) and the differential graded Lie algebra sym
∗(T [1]M⊕
R[2], d+H∂t) acts via the bracket.
There is no need in spelling out the properties that the action holds, since they
can be deduced from the facts that the differential [Q, ] and the bracket [, ] form a
differential graded Lie algebra.
We the previous setup in mind it is now clear how to address the question of
how to define group actions on Exact Courant algebroids.
4.3. Group actions on Exact Courant algebroids. LetG be a Lie group acting
by diffeomorphisms on the manifold M and let (TM ⊕ T ∗M, {, }H , 〈, 〉) be a split
Exact Courant algebroid. By putting Definition 2.19 together with Claim 4.3 we
propose the following:
Definition 4.4. An action of G on the split Exact Courant algebroid (TM ⊕
T ∗M, {, }H , 〈, 〉) compatible with the action on M , consists of a closed equivariant
De Rham form in Z3(G,Ω•M ⊗ Sg∗) that lifts the closed 3-form H . Two such
actions are equivalent if they are cohomologous.
Such an action exists if the De Rham cohomology class [H ] can be lifted to an
equivariant De Rham cohomology class which is compatible with the projection
map
H3(G,Ω•M ⊗ Sg∗)→ H3(M).
In the case of non-split Exact Courant algebroids we have more room to choose
the closed equivariant De Rham form since we do not have a fixed 3-form.
Definition 4.5. An action of G on the Exact Courant algebroid (E, ∗, 〈, 〉) com-
patible with the action on M , consists of a closed equivariant De Rham form in
Z3(G,Ω•M ⊗ Sg∗) whose cohomology class projects to the third cohomology class
that classifies (E, ∗, 〈, 〉) under the projection map
H3(G,Ω•M ⊗ Sg∗)→ H3(M).
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Two such actions are equivalent if they are cohomologous.
The choice of closed equivariant De Rham form that defines the action comes
equipped with a closed 3-form ofM . This 3-form determines an splitting s : TM →
E of the Exact Courant algebroid and through this explicit splitting the information
of the action is transported to E.
In the case that the Lie group G is compact, the inclusion of complexes from the
equivariant forms in the Cartan model to the equivariant De Rham forms
((Ω•M ⊗ Sg∗)G, d+ ι)→ (C∗(G,Ω•M ⊗ Sg∗), dG)
is a quasi-isomorphism, since the cohomology of the equivariant forms in the Cartan
model already calculates the equivariant cohomology of M .
Therefore if there is no obstruction in finding a G action on the Exact Courant
algebroid (E, ∗, 〈, 〉) and the groupG si compact, then one can always find a splitting
of E with associated closed 3-form H , and a G-invariant and closed 3-formH+ξa ∈
Z3((Ω•M ⊗Sg∗)G, d+ ι) which encodes the G action. In this case Lemma 3.7 says
that the infinitesimal information encodes the action and it is given by a strict map
of differential graded Lie algebras (g[1] → g) −→ gsym∗(T [1]M ⊕ R[2], d + H∂t);
in particular this implies that the action of the Lie algebra g is given by the Lie
derivative along the associated vector fields on M , and therefore the splitting of E
is preserved by the action of the Lie algebra.
4.3.1. Hamiltonian actions on Exact Courant algebroids. We follow the Approach
1 outlined in section 3.2.2 together with Lemma 3.7 in order to define hamiltonian
actions.
Definition 4.6. An action of G on the Exact Courant algebroid (E, ∗, 〈, 〉) is Hamil-
tonian whenever the closed equivariant De Rham form in Z3(G,Ω•M ⊗ Sg∗) can
be chosen to be a G-invariant form
H + ξaΩ
a ∈ Z3((Ω•M ⊗ Sg∗)G, d+ ι)
thus defining a closed 3-form in the Cartan model of equivariant cohomology. There-
fore hamiltonian actions are encoded in the infinitesimal action through a strict map
of differential graded Lie algebras
(g[1]→ g) −→ gsym∗(T [1]M ⊕ R[2], d+H∂t)
for a specific choice of G-invariant closed 3-form H .
Whenever the Lie group is compact and it is acting on an Exact Courant alge-
broid, then one can always find a splitting of the algebroid such that the action
is encoded in the G-invariant and closed form H + ξaΩ
a. In other words, one
can always find a splitting on which the action is encoded by the infinitesimal
action through a strict map of differential graded Lie algebras (g[1] → g) −→
gsym∗(T [1]M ⊕ R[2], d + H∂t). We conclude that in the case of a compact Lie
group acting on an Exact Courant algebroid, one can always find a splitting of
the algebroid and a choice of equivariant De Rham 3-form that makes the action
hamiltonian.
Note that this phenomenon happens only because all equivariant 3-forms in the
Cartan model are of all of the form H + ξaΩ
a. Equivariant n-forms in the Cartan
model for n > 3 have more terms and therefore not all cohomology classes have a
representative of the type described before.
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4.3.2. Comparison with other definitions in the literature. The study of the sym-
metries of Lie groups on Exact Courant algebroids was triggered by the search of
an appropriate reduction procedure associated to actions of Lie groups on general-
ized complex manifolds. Several authors including [5, 17, 21, 32] proposed coherent
definitions of Hamiltonian actions of groups on Generalized Complex manifolds in
order to show that the reduction holds in the generalized context.
Since the definitions that appeared in [5] were the more general ones and included
the definition given by the others, we will only reproduce Definition 2.12 of a trivially
extended G-action given in [5]. We quote:
Definition 4.7. [5, Def. 2.12] Let G be a connected Lie group acting on a manifold
M with infinitesimal action ψ : g → XM . An extended action of G into the Exact
Courant algebroid E → M consists of a map of Leibniz algebras ρ : g → Γ(E)
making the diagram
Γ(E)
a

g
ψ
//
ρ
==
⑤
⑤
⑤
⑤
⑤
⑤
⑤
⑤
XM
into a commutative diagram of Leibniz algebras.
Choosing a splitting with curvature form H , we get that a trivially extended
action could be seen as a map of Leibniz algebras
ρ : (g, [, ])→∼= (XM ⊕ Ω1M, {, }H).
In our perspective, the map ρ could be obtained provided that we have that the
infinitesimal action is a strict map of differential graded Lie algebras
σ : (g[1]→ g) −→ sym∗(T [1]M ⊕ R[2], d+H∂t).
In this case the derived map
Dσ : (g, [, ])→ (Γ(Dsym0(T [1]M ⊕ R[2], d+H∂t), ⌊, ⌋)
is a map of Leibniz algebras; and since we have the isomorphism of Leibniz algebras
(Γ(Dsym0(T [1]M ⊕ R[2], d+H∂t), ⌊, ⌋) ∼= (XM ⊕ Ω
1M, {, }H)
we obtain the desired map
Dσ : (g, [, ])→∼= (XM ⊕ Ω1M, {, }H).
Whenever the Lie group is compact, the action can be averaged. Therefore
trivially extended actions for compact Lie groups in the sense of Definition 2.12
of [5] can always be seen as maps of Leibniz algebras ρ : g → XM ⊕ Ω1M which
factors through ρ˜ : g → Ham0(H) making the diagram
g
ψ

ρ˜
//
ρ
%%❑
❑❑
❑❑
❑❑
❑❑
❑❑
Ham0(H)
 _

XM // XM ⊕ Ω1M
a commutative diagram of Leibniz algebras, where Ham∗(H) is the dg-Leibniz al-
gebra of Hamiltonian symmetries defined in Definition 3.3.
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These type of actions were discribed in the Approach 2 of section 3.2.2 and were
characterized in Lemma 3.8 by 3-formsH+ξaΩ
a in the Cartan model of equivariant
cohomology such that
(d+ΩbιXb )(H + ξaΩ
a) =
1
2
ca,bΩ
aΩb
with ca,b constant functions. If the numbers ca,b are not equal to 0, namely that the
splitting is not isotropic, then this type of action is not hamiltonian in the sense of
our Definition 4.6; but it could be the case that the forms H + ξaΩ
a could be lifted
to a closed equivariant De Rham form in Z3(G,Ω•M ⊗Sg∗) on which H + ξaΩ
a is
the part of the equivariant form that belongs to C0(G,Ω•M ⊗ Sg∗), and therefore
we could have a G action in the sense of our Definition 4.5.
When the numbers ca,b are all 0, namely that the action is isotropic, then the 3-
formH+ξaΩ
a is invariant and closed in the Cartan model of equivarian cohomology,
and therefore it defines a hamiltonian action the sense of our Definition 4.6.
Since Proposition 3.9 of [5] shows that the result of the reduction procedure for
Exact Courant algebroids is an Exact Courant algebroid if only if the numbers ca,b
vanish, then we believe that the appropriate definition for hamiltonian action is the
one given in Definition 4.6.
References
[1] M. Alexandrov, A. Schwarz, O. Zaboronsky, and M. Kontsevich. The geometry
of the master equation and topological quantum field theory. Internat. J.
Modern Phys. A, 12(7):1405–1429, 1997.
[2] Camilo Arias Abad and Florian Scha¨tz. Deformations of Lie brackets and
representations up to homotopy. Indag. Math. (N.S.), 22(1-2):27–54, 2011.
[3] John C. Baez, Alexander E. Hoffnung, and Christopher L. Rogers. Categorified
symplectic geometry and the classical string. Comm. Math. Phys., 293(3):701–
725, 2010.
[4] John C. Baez and Christopher L. Rogers. Categorified symplectic geometry
and the string Lie 2-algebra. Homology, Homotopy Appl., 12(1):221–236, 2010.
[5] Henrique Bursztyn, Gil R. Cavalcanti, and Marco Gualtieri. Reduction
of Courant algebroids and generalized complex structures. Adv. Math.,
211(2):726–765, 2007.
[6] Henri Cartan. La transgression dans un groupe de Lie et dans un espace fibre´
principal. In Colloque de topologie (espaces fibre´s), Bruxelles, 1950, pages
57–71. Georges Thone, Lie`ge, 1951.
[7] Gil R. Cavalcanti. New aspects of the ddc-lemma, oxford thesis.
arXiv:DG/0501406, 2005.
[8] Claude Chevalley and Samuel Eilenberg. Cohomology theory of Lie groups
and Lie algebras. Trans. Amer. Math. Soc., 63:85–124, 1948.
[9] Theodore James Courant. Dirac manifolds. Trans. Amer. Math. Soc.,
319(2):631–661, 1990.
[10] Irene Dorfman. Dirac structures and integrability of nonlinear evolution equa-
tions. Nonlinear Science: Theory and Applications. John Wiley & Sons Ltd.,
Chichester, 1993.
[11] Alfred Fro¨licher and Albert Nijenhuis. Theory of vector-valued differential
forms. I. Derivations of the graded ring of differential forms. Nederl. Akad.
Wetensch. Proc. Ser. A. 59 = Indag. Math., 18:338–359, 1956.
GROUP ACTIONS ON DG-MANIFOLDS AND EXACT COURANT ALGEBROIDS 31
[12] Ezra Getzler. The equivariant Chern character for non-compact Lie groups.
Adv. Math., 109(1):88–107, 1994.
[13] Marco Gualtieri. Generalized complex geometry. Oxford Ph.D. thesis, 2003.
arXiv:DG/0412211, arXiv:math/0703298, 2003.
[14] Victor W. Guillemin and Shlomo Sternberg. Supersymmetry and equivari-
ant de Rham theory. Mathematics Past and Present. Springer-Verlag, Berlin,
1999. With an appendix containing two reprints by Henri Cartan [ MR0042426
(13,107e); MR0042427 (13,107f)].
[15] Nigel Hitchin. Generalized Calabi-Yau manifolds. Q. J. Math., 54(3):281–308,
2003.
[16] Shengda Hu. Reduction and duality in generalized geometry. J. Symplectic
Geom., 5(4):439–473, 2007.
[17] Shengda Hu. Hamiltonian symmetries and reduction in generalized geometry.
Houston J. Math., 35(3):787–811, 2009.
[18] Jaap Kalkman. BRST model for equivariant cohomology and representatives
for the equivariant Thom class. Commun. Math. Phys., 153(3):447–463, 1993.
[19] Yvette Kosmann-Schwarzbach. Derived brackets. Lett. Math. Phys., 69:61–87,
2004.
[20] Yvette Kosmann-Schwarzbach. Quasi, twisted, and all that. . .in Poisson ge-
ometry and Lie algebroid theory. In The breadth of symplectic and Poisson
geometry, volume 232 of Progr. Math., pages 363–389. Birkha¨user Boston,
Boston, MA, 2005.
[21] Yi Lin and Susan Tolman. Symmetries in generalized Ka¨hler geometry. Comm.
Math. Phys., 268(1):199–222, 2006.
[22] Zhang-Ju Liu, AlanWeinstein, and Ping Xu. Manin triples for Lie bialgebroids.
J. Differential Geom., 45(3):547–574, 1997.
[23] Varghese Mathai and Daniel Quillen. Superconnections, Thom classes, and
equivariant differential forms. Topology, 25(1):85–110, 1986.
[24] Christopher L. Rogers. L∞-algebras from multisymplectic geometry. Lett.
Math. Phys., 100(1):29–50, 2012.
[25] Dmitry Roytenberg. On the structure of graded symplectic supermanifolds and
Courant algebroids. In Quantization, Poisson brackets and beyond (Manch-
ester, 2001), volume 315 of Contemp. Math., pages 169–185. Amer. Math.
Soc., Providence, RI, 2002.
[26] Dmitry Roytenberg. On weak Lie 2-algebras. In XXVI Workshop on Geo-
metrical Methods in Physics, volume 956 of AIP Conf. Proc., pages 180–198.
Amer. Inst. Phys., Melville, NY, 2007.
[27] Dmitry Roytenberg and Alan Weinstein. Courant algebroids and strongly
homotopy Lie algebras. Lett. Math. Phys., 46(1):81–93, 1998.
[28] Graeme Segal. Cohomology of topological groups. In Symposia Mathematica,
Vol. IV (INDAM, Rome, 1968/69), pages 377–387. Academic Press, London,
1970.
[29] Pavol Sˇevera. Letters to A. Weinstein.
http://sophia.dtp.fmph.uniba.sk/∼severa/letters/, 2002.
[30] Pavol Sˇevera. Some title containing the words “homotopy” and “symplectic”,
e.g. this one. In Travaux mathe´matiques. Fasc. XVI, Trav. Math., XVI, pages
121–137. Univ. Luxemb., Luxembourg, 2005.
32 BERNARDO URIBE
[31] Pavol Sˇevera and Alan Weinstein. Poisson geometry with a 3-form background.
Progr. Theoret. Phys. Suppl., (144):145–154, 2001. Noncommutative geometry
and string theory (Yokohama, 2001).
[32] Mathieu Stie´non and Ping Xu. Reduction of generalized complex structures.
J. Geom. Phys., 58(1):105–121, 2008.
[33] Dennis Sullivan. Infinitesimal computations in topology. Inst. Hautes E´tudes
Sci. Publ. Math., (47):269–331 (1978), 1977.
[34] K. Uchino. Derived brackets and sh Leibniz algebras. J. Pure Appl. Algebra,
215(5):1102–1111, 2011.
[35] W. T. van Est. Group cohomology and Lie algebra cohomology in Lie groups.
I, II. Nederl. Akad. Wetensch. Proc. Ser. A. 56 = Indagationes Math., 15:484–
492, 493–504, 1953.
[36] W. T. van Est. On the algebraic cohomology concepts in Lie groups. I, II.
Nederl. Akad. Wetensch. Proc. Ser. A. 58 = Indag. Math., 17:225–233, 286–
294, 1955.
[37] Theodore Voronov. Graded manifolds and Drinfeld doubles for Lie bialge-
broids. In Quantization, Poisson brackets and beyond (Manchester, 2001),
volume 315 of Contemp. Math., pages 131–168. Amer. Math. Soc., Providence,
RI, 2002.
[38] Theodore Voronov. Higher derived brackets and homotopy algebras. J. Pure
Appl. Algebra, 202(1-3):133–153, 2005.
[39] Theodore Th. Voronov. Higher derived brackets for arbitrary derivations. In
Travaux mathe´matiques. Fasc. XVI, Trav. Math., XVI, pages 163–186. Univ.
Luxemb., Luxembourg, 2005.
Departamento de Matema´ticas, Universidad de los Andes, Carrera 1 N. 18A - 10,
Bogota´, COLOMBIA. Tel: +571 3394999 ext. 2710. Fax: +571 3324427
E-mail address: buribe@uniandes.edu.co
